The application of edge-elements for modeling three-dimensional inhomogeneouslylled cavities is presented in this paper. Explicit representations for the two element matrices, S] e and T ] e , are provided in order to facilitate the implementation of the FEM formulation. Also included are the results of a numerical experiment that investigates the rate of convergence of the computation of the dominant resonance frequency of a rectangular cavity when the edge-element formulation is employed..
INTRODUCTION
The analysis of inhomogeneously-lled cavities is important in many applications, e.g., the design of microwave lters and ovens. For all but a few simplest three-dimensional con gurations, this analysis must be carried out numerically. The numerical methods that are available for analyzing three-dimensional cavities are: the transmission line matrix method 1], the nite di erence methods 2], and the nite element methods (FEMs) 3, 4] . Among these, FEM o ers the most exibility in modeling cavities with arbitrary geometries as well as with highly inhomogeneous llings. However, it is well known that the nite element analysis of high-frequency electromagnetic problems is plagued by the occurrence of non-physical, spurious modes 4] .
A number of recent publications have suggested various approaches to eliminating the spurious modes. Rahman and Davies 5] have used a penalty function to enforce the divergence-free condition. The penalty function approach makes the numerical solution depend on a parameter whose precise e ect on the solution is often di cult to assess. Kobelansky and Webb 6] proposed the use of divergence-free elds as the bases in the variational procedure. Unfortunately, this approach requires intensive computation time to obtain an accurate solution.
A di erent approach to eliminating the spurious modes is to use edge-elements 7]. Edge-elements are recently-developed nite-element bases for vector elds, which have the unique property that the degrees of freedom associated with these elements are the circulations of the vector eld along the edges of the mesh. With edge-elements, only the tangential continuity of the vector eld is imposed across element boundaries. The advantages of edge-elements are: (i) They impose the continuity of only the tangential components of the electric and magnetic elds, which is consistent with the physical constraints on these elds; (ii) The interfacial boundary conditions are automatically obtained through the natural boundary condition in the variational process; and, (iii) Dirichlet boundary condition can be easily imposed along the element edges.
In this paper, we apply the edge-element formulation to the solution of inhomogeneouslylled cavities. The application of edge-elements to modeling three-dimensional cavities has been presented in Refs. 8, 9] . Two principal contributions of this paper are: (i) The element matrices for the corresponding variational functional are provided explicitly; and, (ii) The rate of convergence of edge-elements for calculating the resonant frequency of cavities is determined through a numerical experiment for an air-lled rectangular cavity.
The paper is organized as follows: Section 2 presents the variational formulation of three-dimensional inhomogeneously-lled cavities. The solution procedure of the variational formulation in a nite-dimensional space, or the nite element implementation, is presented in Sec. 3. To perform the convergence study, we need to divide an initial mesh into similar but ner meshes. A simple mesh-division algorithm, which divides a tetrahedron into eight smaller tetrahedra, is presented in Sec. 4, along with the results of the convergence study for a canonical cavity problem. Numerical results are included in Sec. 5. Finally, a brief conclusion is given in Sec. 6.
VARIATIONAL FORMULATION
The basic equations that govern EM elds in source-free, time-harmonic regions are the Maxwell equations r Ẽ = ?j! H (1) r H = j! Ẽ (2) where and are the permittivity and permeability, respectively. We note that, with ! 6 = 0, Eqs. (1) and (2) imply that r H = 0
The substitution ofẼ from Eq. (2) into (1) and ofH from (1) into (2) 
where k 2 = ! 2 0 0 , 0 ; 0 are the permittivity and permeability of air, respectively. In view of the similarity between Eqs. (5) and (6) , the analysis in this paper will be presented in terms of the electric eldẼ; the parallel development for the magnetic eldH is obtained by making the substitutionsẼ !H and ! .
It is well known that the eld solution in a three-dimensional cavity can be formulated in a variational form 10] . If the cavity contains only lossless materials, the variational functional in terms ofẼ can be written as
From the functional (7), we note that both r Ẽ andẼ need to be square integrable.
Consequently, the solution is sought from the function space L 2 curl ( ), which is de ned by
where L 2 ( ) is the linear space of square-integrable vector elds de ned on the problem domain .
FINITE-DIMENSIONAL DISCRETIZATION
The variational formulation in the previous section seeks the solution in the function space L 2 curl ( ) which is in nite-dimensional. In order to solve a three-dimensional cavity problem on a digital computer, we need to convert the original continuum problem into a discretized version. This can be accomplished by using the nite element method. The basic idea of FEM can be described as follows 7] . First, we formulate the corresponding variational functional and the admissible function space, for example, L 2 curl ( ) as in previous section. Then restrict the class to a smaller, nite dimensional function space W( ), which can be described by a nite number of parameters (the degrees of freedom). If this constraint is imposed properly, stationarity will occur at a point which is in the neighborhood of the true solution. Finally, imposition of the stationarity condition leads to a nite number of equations with respect to the degrees of freedom.
The approximate solutionẼ app of (7) in the function space W( ), where W( ) L 2 curl ( ), is the stationary point of the functional (7) in W( ) with respect to the variations ofẼ. Whatever the choice of the function space W( ), the functional F(Ẽ) in W( ) may be expressed in a matrix form as F(Ẽ) = 1 2 e t S]e ? k 2 2 e t T]e (9) Here, e is the coe cient vector and the square matrices S] and T] are given by S] mn = Z 1 r (r ~ m ) (r ~ n ) d (10) T] mn = Z r~ m ~ n d (11) where~ 0 i s are the vector functions that are used to span the vector function space W( ). In the present approach, the problem domain is broken into tetrahedra within which the material properties r and r are constant, although they may be discontinuous across the element boundaries. In each tetrahedron, the electric eld is expressed as a linear combination of edge-elements, i.e., we writẽ E = X i<j e ijwij (12) wherew ij = i r j ? j r i , i is the barycentric function of node i, is the Whitney 1-form associated with edge fi; jg 7] . The derivations of the element matrices, S] e and T] e , of edge-elements in a tetrahedral mesh is the topic of the next section.
Element Matrices
In the nite element method, the global matrices S] and T] of Eq. (9) 
The constructions of the element matrices, S] e and T] e , depend on the choice of the nite dimensional function space W( ). In the present approach, W( ) is spanned by edge-elements on a tetrahedral mesh. Shown in Fig. 1 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 5 (19) where I ij =Ã i Ã j .
Transformed Generalized Eigenmatrix Equation
The stationary points of the functional F(Ẽ) in (9) (21) is that, except for the null vectors of the curl operator, the more dominant modes correspond to the larger eigenvalues of this equation. Due to the nature of the Krylov subspace iteration, the larger eigenpairs almost always converge faster. Therefore, by rearranging the generalized eigenmatrix equation into Eq. (21), the resonant modes of the cavity can be computed more or less in the order of dominance.
The convergence of the Lanczos algorithm for the dominant mode, with k 2 6 = 0, can be improved drastically by selecting an initial vector which is orthogonal to the null (k 2 = 0) eigenpairs 14].
CONVERGENCE STUDY
One criterion for the acceptability of a numerical algorithm is its rate of convergence. For a FEM implementation, this rate can be estimated in two ways, viz., from the numerical theories and from systematic numerical experiments. Theoretically, the rate of convergence is a consequence of the consistency and stability analyses 12]. The consistency and stability analyses of present approach for modeling three-dimensional cavities will be reported in a later paper. In this section, we present a method for obtaining the rate of convergence for un-structured tetrahedral meshes through numerical experiments.
To be able to conduct a systematic convergence study of FEM on tetrahedral meshes, we need to generate similar but ner meshes by subdividing a coarse one. Figure 2 shows a mesh division of a tetrahedron into eight smaller tetrahedra. We call such a scheme \factor-of-two mesh re nement". In general, the eight smaller tetrahedra generated from The \factor-of-two mesh re nement" do not completely resemble the original tetrahedron. For the practical application, however, the ner mesh obtained by using the \factor-oftwo mesh re nement" does provide a satisfactory similarity to the original mesh. The following table summarizes the \factor-of-two mesh re nement": tetra f0; 1; 2; 3g =) tetra f0; 4; 5; 6g tetra f1; 4; 7; 8g tetra f2; 5; 7; 9g tetra f3; 6; 8; 9g tetra f4; 5; 6; 8g tetra f4; 5; 7; 8g tetra f5; 7; 8; 9g tetra f5; 6; 8; 9g (22) The test geometry of the experiment is an air-lled rectangular cavity with dimensions 1m 2m 2m, as shown in Fig. 3 , and the TE 101 mode is dominant with a resonant frequency of f 0 = 106:066MHz. The experiment starts with a very coarse tetrahedral mesh, and de nes the cell size h = 1. The \factor-of-two mesh re nement" is then used to generate ner meshes with h = 1 2 ; h = 1 4 , etc. For each tetrahedral mesh, we compute the resonant frequency of the cavity using the procedure outlined above and then calculate the relative error to the exact resonant frequency. The result is shown in Fig. 4 . The convergence is governed by " / h n , where " is the relative error and n is the value of the index to be determined, i.e. the rate of convergence. From Fig. 4 , we see that the index n is very close to 2. This leads us to conclude that the use of the edge elements yields a second-order accuracy. This is not surprising, however, since the resonant frequency is a variational quantity in the functional (9) and, therefore, it often o ers better accuracy than the computed vector eldsẼ andH. We should also point out that the second-order accuracy for computing the resonant frequency is only valid for cavity mode whose eld distribution is smooth. For cavities that have re-entrant points, as described in Ref. 12] , the convergence rate is expected to be worse.
A plot of the computation time vs. the accuracy is provided in Fig. 5 . From Fig. 5 , we see that, once again, the slope is very close to 2. This can be explained as follows. To apply the Lanczos algorithm for the solution of a generalized eigenmatrix equation (21) 
NUMERICAL RESULTS
A general nite-element computer program has been written to implement the numerical procedure presented in this paper and, the transformed generalized eigenmatrix equation has been solved by using the Lanczos algorithm. To validate the current approach, numerical results for a circular cavity, a rectangular cavity loaded with dielectric slab, and a rectangular cavity containing a rectangular block of dielectric have been tested. The geometries and the material properties of these three cavities are shown in Fig. 6 . Table I summarizes the numerical results. From Table I , we note that accurate resonant frequencies (within 1% error) are obtained for various cavity structures with at most 30 seconds of cpu time on a Decstation 5000/200 machine. We also note from Table I that, it takes a much longer time to compute the resonance of the circular cavity than it does for the rectangular one. The is owing to the fact that many triangular patches are needed to accurately represent a curved surface. Consequently, the degrees of freedom needed to model the structure in Fig. 6(a) is considerably larger than those required in Figs. 6(b) and 6(c).
CONCLUSIONS
A new vector nite element approach for solving electromagnetic problems, which is based on the use of edge elements, has been presented in this paper. The element matrices for edge-elements for analyzing three-dimensional cavity structures have been derived. By expressing the entries in the element matrices in terms of geometric quantities, the edgeelements approach can be readily applied to many other engineering applications.
We have also conducted a numerical experiment to determine the rate of convergence of using the edge-elements to compute the dominant resonant frequency of a rectangular cavity. Although, the vector eld is approximated within each tetrahedron by an incomplete rst-order polynomial, the computed resonant frequency is found to be second-order accurate because of its variational nature. Fig. 1 : Edge-element on a tetrahedron. Fig. 2 : A factor-of-two mesh division. Fig. 3 : An air-lled rectangular cavity. Fig. 4 : Plot of the relative error of the numerical result v.s. the cell size for the cavity in Fig. 3 . Fig. 5 : Plot of the computation time v.s. the relative error for the cavity in Fig. 3 . Fig. 6 : Three cavity structures; (a) a circular cavity, (b) a rectangular cavity loaded with dielectric slab, and (c) a rectangular cavity with a block of dielectric.
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